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Abstract 



It is shown that uncertainty relations, as well as coherent and squeezed 
states, are structural properties of stochastic processes with Fokker-Planck 
dynamics. The quantum mechanical coherent and squeezed states are explic- 
itly constructed via Nelson stochastic quantization. The method is applied 



to derive new minimum uncertainty states in time- dependent oscillator po- 



tentials. 
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The theory of stochastic processes is the natural framework to discuss 
systems with probabilistic dynamics. As such, it is by now a most powerful 
tool in the study of complex structures and behaviours in physics, chemistry, 
and biology [1]. It is then very interesting to fully understand the relationship 
between probabilistic and deterministic evolution, and much work has been 
done in this direction [2]. 

In quantum mechanics, it is well known that such relationship is ex- 
pressed through uncertainty relations; in particular, the states of minimum 
uncertainty, the coherent [3] and squeezed states [4], are viewed as the "most 
classical" states, closest to a deterministic time evolution. 

In this letter our first observation is that uncertainty relations analo- 
gous to the quantum mechanical ones are a structural property of classical 
stochastic processes of the diffusion type. 

We derive the diffusion processes of minimum uncertainty (MUDPs) , and 
we find that a special class among them is associated to Gaussian probabil- 
ity distributions with time-conserved covariance and expectation value with 
classical time evolution: we denote them as strictly coherent MUDPs. We 
will also consider the other Gaussian MUDPs, those with the expectation 
value and the covariance in general both time-dependent, and we will denote 
them as broadly coherent MUDPs. 

By exploiting Nelson's stochastic quantization scheme [5], we will show 
that MUDPs provide the stochastic image of the standard quantum mechan- 
ical coherent and squeezed states, as well as of time-dependent squeezing. 

Our study is motivated by the possibility that the formalism of stochas- 
tic processes offers to treat on the same footing, in a unified mathematical 
language, the interplay between fluctuations of different nature, for instance 
quantum and thermal [6]. Our scheme holds for general diffusion processes. 
Preliminary results are presented in ref. [7]. 

Without loss of generality, we consider a one-dimensional random vari- 
able q. The associated diffusion process q(t) is governed by Ito's stochastic 
differential equation 

dq(t) = v {+) (q(t),t)dt + is 1/2 (q(t),t)dw(t), dt > , (1) 

where V( + )(q(t),t), is the forward drift, v(q(t),t) is the positive-defined dif- 
fusion coefficient, and dw(t) is a Gaussian white noise, superimposed on the 
otherwise deterministic evolution, with expectation E(dw(t)) = and co- 
variance E(dw 2 (t)) = 2dt. The probability density p(x,t) associated to the 



process satisfies the forward and backward Fokker-Planck equations. The 
forward and the backward drifts i>(+) (x, t) and i>(_) (x, t) are defined as 
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The operational meaning of the conditional expectations E(- | •) in eqs.(2) 
is the following: vt + \ is the mean slope of sample paths leaving point x at 
time t; v (_) is the mean slope of sample paths entering point x at time t. 
Therefore, if q(t) is a configurational process, for instance a particle of mass 
m performing a random motion on the real line according to eq.(l), the 
forward (backward) drift is the mean forward (backward) velocity field. 

The relation between vt + \ and v<-\ is the following (see also the paper by 
F. Guerra quoted in ref. [5]): 

( t \ ( t \ 2d x (u(x,t)p(x,t)) 

v { -)(x,t)=v {+) (x,t) -— — . (3) 

It is convenient to introduce the osmotic velocity u(x,t) and the current 
velocity v(x,t) 

_ V(+)(x,t) -V(_)(x,t) _ d x (v(x,t)p(x,t)) 
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From the former definitions it is clear that u(x,t) "measures" the non- 
differentiability of the random trajectories, thus controlling the degree of 
stochasticity. In the deterministic limit u vanishes and v(x,t) goes to the 
classical velocity v(t). 

Finally, we have the continuity equation 

d t p(x, t) = -d x (p(x, t)v(x, £)) . (5) 



Eqs.(3)-(5) are all direct consequences of Fokker-Planck equation. 

It is straightforward to check that E(v(+)) = E{v^) = E(v), E{u) = 0, 
and that 

E(v) = j t E(q) Vt. (6) 

The absolute value of the expectation of the process q times the osmotic 
velocity u(q,t) reads \E(qu)\ = E(u(q,t)). Reminding that E{u) = and by 
use of Schwartz's inequality it follows that the root mean square deviations 
Aq = 



E(q 2 



(E(q)) 2 ) and Am = J E(v? — (E(q)) 2 ) satisfy the relation 

AqAu > E(v). (7) 



Eq.(7) is the uncertainty relation for any stochastic process of the diffusion 
type defined by eq.(l). Equality in (7) defines the MUDPs. Saturation of 
Schwartz's inequality yields 



u(x,t) = C(t)(x - E(q)), 

with C(t) an arbitrary process-independent function. 
Eqs.(8) and (4) give 



(8) 



p(x, t) = J\f(t) exp 



C(t) j X dx' X ' , f\ g ) -hiu(x,t) 

y ' h v(x', t) y ' ' 



(9) 



where Af(t) denotes the normalization function. 

The density p given by eq.(9) is associated to a large variety of differ- 
ent processes. In this letter we consider two cases: constant v and time- 
dependent v. In both cases the minimum uncertainty density is the Gaussian 



p(x,t) 
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(x - E{q)f 
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(10) 



with (Ag) 2 = -u(t)/C(t). 

The continuity equation, eq.(5), forces the current velocity v(x,t) to be 
of the form 

v (x,t) = — E(q) + (x - E(q)) — InAq. (11) 



dt 



dt 





The stochastic differential equation obeyed by the MUDPs is now com- 
pletely determined by eqs.(10)-(ll) and it reads 

dq(t) = \A(t) + B(t)q(t)} dt + v l/2 (t)dw{t) . (12) 

It is interesting to observe that eq.(12) has a drift part which is linear in 
the process. The above equation in fact defines the so-called linear processes 
in narrow sense [1]; when A(t) = they are the time-dependent Ornstein- 
Uhlenbeck processes. 

We can now divide the MUDPS in two general classes, the first one with 

const. Vt , , n „ s 

a(t) , (13a) 

and the second one with 

where a(t), b(t) and F(t) are arbitrary functions of time. 

In the case (13a), Aq does not spread and E(q) follows a classical trajec- 
tory: 

v(x,t) = j t E(q)=v(t). (14) 

As a consequence, MUDPs of the form (10) obeying eqs.(13a)-(14) behave 
exactly as the quantum mechanical coherent states: we will denote them as 
strictly coherent MUDPs, as opposed to the ones obeying eq.(13b) which we 
call broadly coherent MUDPs. 

It is possible to discriminate on physical grounds the strictly coherent 
MUDPs from the other MUDPS by observing that eqs.(13a)-(14) are imme- 
diate consequences of the Ehrenfest condition 

v(E(q),t) = j t E(q), (15) 

so that the strictly coherent MUDPs can be viewed as the most deterministic 
semi-classical processes. 

We shall now consider a very important class of conservative diffusion 
processes (Nelson diffusions) which has been introduced by Nelson in the 
stochastic formulation of quantum mechanics [5] . 



Nelson stochastic quantization associates to each single-particle quantum 
state \1/ = exp [R + jS], the diffusion process q(t) with 

z/ = ^ ? p ( x ,t) = \*(x,t)\ 2 , v(x,t) = - 9S< f' t \ (16) 

2m m ox 

where m is the mass of the particle, and R is related to p by the obvious 

relation p = exp[2i?]. 

The Schrodinger equation with potential V(x, t) leads to the Hamilton- 

Jacobi-Madelung equation 

dS(xt) I (M^g * 2 %P 1/2 (*>t) _ w _^ fm 

^^'^ + 2^ 2^ pi/2(x,t) " F(X ' i} • (17) 

It is well known [8] that for Nelson diffusions the correspondences between 
the expectations of stochastic and operatorial observables are 

(q) = E{q) , 

(p) = mE{y) , 

Aq = Aq, (18) 

(Ap) 2 = m 2 [(Au) 2 + (Av) 2 } , 



(AqnAp) 2 >m 2 (Aq) 2 (Au) 2 >^, 

where the hat denotes the operatorial observables, (•) denotes the expectation 
value in a given state \P and A(-) denotes the root mean square deviation. 

Minimum uncertainty Nelson diffusions (MUNDs) are MUDPs, and we 
correspondingly extend to them the denominations of strictly and broadly 
coherent MUNDs. Relation (17) can be regarded as an equation for the 
potential V(x,t). In the case of strictly coherent MUNDs (13a), we obtain 

vn 
V(x, t) = -u 2 x 2 + f(t)x + V (t) , (19a) 



d 2 f(t) 

with f{t) and Vq(€) arbitrary time-dependent functions and the constant 
frequency 

w2 = *J^ ■ (20) 

For broadly coherent MUNDs (12b) we again obtain eqs.(19a)-(19b) but 
now with a frequency ou(t) depending on time through the spreading Aq: 

^ t) = ^K^-^S Aq - (21) 

We now address the case of time-dependent v. From the first of eqs. (16) 
this means letting either m or h, or both, be functions of time. 

We focus our attention on the case of time-dependent mass m(t) and 
constant h, leaving apart other more speculative situations. 

The Nelson scheme (16)-(17) still holds with m(t) replacing m. Consid- 
ering the general case of broadly coherent MUNDs, and solving eq.(17) for 
V(x,t) we obtain 

V(x, t) = -m{t)uo 2 {t)x 2 + f(t)x + V (t) , 

2/ ^ 2 1 d 2 m(t) d 

W [t) = 4m 2 (t)(Ag) 4 ~ A^d^ Aq ~ MfyKqJt Q ' { } 

where f(t), Vo(t) are arbitrary functions of time and rh denotes the time 
derivative of m. The subcase of strictly coherent MUNDs for systems with 
a time-dependent mass is obviously recovered by putting Aq = const, in 
eqs. (22). 

To illustrate the advantages of the formalism presented in this paper we 
observe that it is computationally convenient in many cases of practical in- 
terest. For instance, when the arbitrary functions f(t) and Vo(t) vanish, 
eqs. (19a)- (19b) are those of the classical harmonic oscillator, and the as- 
sociated quantum states are the standard Glauber coherent states; when 
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f(t) = const, we have the Klauder-Sudarshan displaced oscillator coher- 
ent states; finally, when f(t) is time-dependent, we obtain the Klauder- 
Sudarshan driven oscillator coherent states [9]. We thus see that this for- 
malism at once provides the full set of coherent states so widely exploited in 
physical applications. 

Moreover, we observe that eqs.(19a)-(19b) supplemented by eq.(21) de- 
scribe the dynamics of the parametric oscillator with the associated feature 
of time-dependent squeezing. Finally, eqs.(22), supplemented with m{t) = 
moe r ^\ define the dynamics of the damped parametric oscillator, a result 
which sheds new light on the study of dissipative quantum mechanical sys- 
tems ([10], [11]) also in view of the relation among squeezing and dissipation 
[12]. 

Besides the computational simplicity, we would like to stress that the 
stochastic formalism also provides new insights beyond the conventional op- 
eratorial framework: it is in fact most remarkable that coherent and squeezed 
states of different types, time-dependent oscillators and dissipative systems 
may all be described in terms of, and associated to, diffusion processes via 
Nelson stochastic quantization. 

We note that eqs.(16) and (17) not only yield the potential of the quantum 
state associated to the MUND, but also allow to compute explicitly the 
wave function. In the following we exhibit two cases; the first is the case of 
the familiar Glauber state, the second one is the case of the coherent state 
associated to a dissipative dynamics of the Caldirola-Kanai type. 

The wave function for the Glauber state which we indeed obtain from 
eqs.(10),(14) and (17), together with the maps (16) and (18), is 



ty G (x,t) = r ex P 

(27r(Ag) 2 )i 



(x -(g)) 2 i /M 
1 + T x{p) 



4(Ag) 2 % 



(23) 



where (q)(t) and (p)(t) = mv(t) = m(d(q)/dt) are the solutions of the classi- 
cal equations of motion of the harmonic oscillator (see eqs.(19a)-(19b) with 
the choice fit) = Vo(t) = 0); the wave funtion (23) describes, as it is well 
known, both the coherent and the squeezed states, since it is form invariant 
under the scale transformation q — ► e s q and p — > e~ s p. 

For the more intriguing case of the damped parametric oscillator, we 



obtain, through the same procedure, the wave function 



V D (x,t) 



1 



(2vr(Ag)^ 



cxp 



[x 



(q)Y 



A(Aqf 



+ 



h 



x{p) + 



(qp) - (q) (p) 
2(Ag) 2 



(x-(q)f 

(24) 

where now (q)(t), and (p)(t) = m(t)v(t) = m(t)(d(q)/dt) are the solutions 
of the classical equation of motion of the damped parametric oscillator (see 
eqs.(22) where we have put for simplicity f(t) = Vo(t) = 0), and we have 
exploited the property, easy to verify, that 



m(Aq) 2 — In Ag 



/;/ 



[E{qv) - E(q)E(v)] 



(q)(p). (25) 



Equation (25) yields the correspondence between the stochastic and the 
operatorial correlations among the quantum observables; by exploiting it, we 
have that 

({Q,P}) 



m [E(qv) - E(q)E(v)] 



(26a) 



where 

Q = q-{q) , P = p-(p). (266) 

By exploiting the above relations (26a)- (26b) we can immediately verify 
that the states corresponding to eq.(20) are Heisenberg minimum uncertainty 
(m.u.) states, and those corresponding to eq.(21) are Schrodinger ones. In- 
deed, one can prove that the strictly coherent MUNDs are in one to one 
correspondence with the Heisenberg m.u. states, while broadly coherent 
MUNDs are all and only Schrodinger m.u. states. 

The m.u. states already known for the damped parametric oscillator are 
Schrodinger ones and there was in the literature a widespread belief that 
this physical system cannot have Heisenberg m.u. states [10]; by eqs.(24)- 
(26) we see instead that it can also exhibit Heisenberg m.u. states, strictly 
coherent and harmonic oscillator-like. Thus, for the dissipative oscillator the 
stochastic approach allows to determine not only all the known Schrodinger 
m.u. states, but also a whole new set of Heisenberg m.u. states. 

In conclusion it seems to us interesting and stimulating the possibility 
to relate coherent states with diffusion processes and probabilistic methods, 
which provide the proper definition of functional integration techniques, and 
the appropriate framework for the study of dissipative systems. 
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